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We review the model of two qubits coupled locally to an environment which consists of nonlocally
correlated field modes [Phys. Rev.Lett. 108, 210402 (2012)]. We derive the correct expressions for
the reduced dynamics of the two-qubit system and demonstrate that strong nonlocal memory effects
are indeed present for suitable initial EPR-type Gaussian environmental states.
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I. INTRODUCTION
The study of non-Markovian effects in the dynamics
of open quantum systems has attracted vast attention
in recent years. Several suggestions for the quantifica-
tion of non-Markovian behavior [1–5] have been made,
applied to different physical models [6, 7] and compared
among each others [8–10]. Moreover, several experiments
[11, 12] have been performed quantifying non-Markovian
behavior in terms of the flow of information between the
open system and its environment [2].
Recently, it has been shown theoretically as well as ex-
perimentally that quantum memory effects can also be
induced by nonlocal environmental correlations [13, 14].
The first model studied in [13] illustrates this effect by
means of an open two-qubit system coupled locally to
an environmental multimode field in a nonlocally cor-
related initial state. The coherence factors and the as-
sumption on the initial correlated environmental states
used in Ref. [13] are however not correct. Here, we pro-
vide the correct expressions for the quantum dynamical
map and the conditions on two-mode Gaussian states and
show that strong nonlocal memory effects indeed occur
for particular two-mode Gaussian states whose covari-
ance matrix is in standard form.
II. PHYSICAL MODEL
The first model studied in Ref. [13] regarding nonlo-
cal memory effects consists of two qubits coupled to a
bosonic environment. Each of the two qubits interacts
locally with its own multimode bosonic bath which is as-
sumed to be a part of a correlated environment. For the
state of the latter one chooses a product of two-mode
Gaussian states correlating each pair of modes of the two
bosonic baths.
The Hamiltonian of the total system is given by
H =
2∑
i=1
(HiS +HiE +Hiint) , (1)
where HiS = iσˆiz and HiE =
∑
k ω
i
k bˆ
i†
k bˆ
i
k with bˆ
i(†)
k re-
ferring to the annihilation (creation) operator of the kth
mode of bath i. The interaction Hamiltonian is build up
by local interactions which obey
Hiint = χi(t)
∑
k
σˆiz ⊗ (gik bˆi†k + gik
∗
bˆik) , (2)
where gik denotes the coupling strength of the ith sub-
system. Without loss of generality we assume that the
coupling strengths are real-valued, i.e. gik ∈ R for i = 1, 2
and all k. The function χi(t) is given by
χi(t) = Θ(t− tsi )Θ(tfi − t) =
{
1 , t ∈ [tsi , tfi ]
0 , else
, (3)
for some tfi > tsi > 0. It simulates the turning-on and -off
of the local interactions of subsystem i at time tsi and t
f
i ,
respectively. The duration of the local interactions and
the inset can be varied independently for both subsys-
tems so that it is possible to switch from simultaneous
to a successive application of the interactions. Without
loss of generality we may assume ts1 ≤ ts2.
The dynamics of the model is conveniently solved in
the interaction picture. Turning to this picture the in-
teraction Hamiltonian Hint transforms into HIint(t) =
exp(+iH0t)Hint(t) exp(−iH0t) where H0 =
∑
i(HiS +
HiE) which yields
HIint(t) =
∑
j
χj(t)σˆjz ⊗
∑
k
(gjke
iωj
k
tbˆj†k + g
j
k
∗
e−iω
j
k
tbˆjk) ,
(4)
as [bˆik, bˆ
j†
l ] = δklδij . Applying again this commutation
relation for the annihilation and creation operators it
can be shown that the interaction Hamiltonian HIint(t)
at times t and t′ obeys
[HIint(t), HIint(t′)] = −2iφ(t− t′) , (5)
where φ(t − t′) = ∑j,k χj(t)χj(t′)|gjk|2 sin[ωjk(t − t′)] is
a scalar function. It is well known [15] that the time
evolution operator in the interaction picture is then given
by
UI(t) = T← exp[−i
∫ t
0
dsHIint(s)]
= exp[i
∫ t
0
ds
∫ t
0
ds′φ(s− s′)Θ(s− s′)]
· exp[−i
∫ t
0
dsHIint(s)] . (6)
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2The time evolution operator thus consists of a phase fac-
tor d(t) ≡ exp[i ∫ t0 ds ∫ t0 ds′φ(s− s′)Θ(s− s′)] and a non-
trivial operator V (t) ≡ exp[−i ∫ t0 dsHIint(s)] which can
be rewritten as
V (t) = exp[
∑
j,k
σˆjz ⊗ (βjk(t)bˆj†k − βjk(t)∗bˆjk)] , (7)
with
βjk(t) =
gjk
ωjk
eiω
j
k
tsj
(
1− eiω
j
k
∫ t
0
dsχj(s)
)
, (8)
since
∫ t
o
dsχj(s)eiω
j
k
s = ieiω
j
k
tsj (1 − eiω
j
k
∫ t
0
dsχj(s))/ωjk.
Note that the phase factor eiω
j
k
tsj , taking into account
the influence of the free evolution prior the inset of the
interaction, is missing in Ref. [13]. Hence, V (t) is a two-
mode displacement or Weyl operator. The local unitaries
Vj(t) (V (t) ≡ V1(t)V2(t)) act therefore according to
Vj(t)|0〉 ⊗ |η〉 = |0〉 ⊗
∏
k
D(−βjk(t))|η〉 , (9)
Vj(t)|1〉 ⊗ |η〉 = |1〉 ⊗
∏
k
D(+βjk(t))|η〉 , (10)
where D denotes the displacement operator and |0〉, |1〉
refer to the ground and excited state of the two-level sys-
tem, respectively. Moreover, |η〉 is an arbitrary pure state
of the environment. Finally, the time evolution operator
in the Schrödinger picture is given by
U(t) = e−iH0tUI(t) . (11)
Thus, the time evolution of the initially factorizing state
|ψ(0)〉 = |ψ12〉 ⊗ |η12〉 , (12)
where
|ψ12〉 = a00|00〉+ a01|01〉+ a10|10〉+ a11|11〉 , (13)
|η12〉 =
⊗
k
|ηk12〉 , (14)
with |ηk12〉 referring to arbitrary two-mode states of the
kth mode of bath 1 and 2, reads
|ψ(t)〉 = e−iH0td(t)
1∑
n,m=0
anm|nm〉 ⊗ |ηnm12 (t)〉 . (15)
Here, the time-evolved environmental states are
given by |ηnm12 (t)〉 ≡
⊗
kD((−1)n+1β1k(t)) ⊗
D((−1)m+1β2k(t))|η12〉. The reduced state of the
two two-level systems is then obtained by taking the
partial trace over the environmental degrees of freedom
which yields
ρ12S (t)
=
1∑
n,m,r,s=0
eit
{
[(−1)n−(−1)r]1+[(−1)m−(−1)s]2
}
· anma∗rs
· 〈ηnm12 (t)|ηrs12(t)〉 · |nm〉〈rs|
=
|a11|
2 a11a
∗
10κ˜2(t) a11a∗01κ˜1(t) a11a∗00κ12(t)
|a10|2 a10a∗01Λ12(t) a10a∗00κ1(t)
|a01|2 a01a∗00κ2(t)
c.c. |a00|2
 ,
(16)
where
κ1(t) = e−2i1t〈η1012(t)|η0012(t)〉 , (17)
κ2(t) = e−2i2t〈η0112(t)|η0012(t)〉 , (18)
κ˜1(t) = e−2i1t〈η1112(t)|η0112(t)〉 , (19)
κ˜2(t) = e−2i2t〈η1112(t)|η1012(t)〉 , (20)
κ12(t) = e−2i(1+2)t〈η1112(t)|η0012(t)〉 , (21)
Λ12(t) = e−2i(1−2)t〈η1012(t)|η0112(t)〉 , (22)
and
〈ηnm12 (t)|ηrs12(t)〉
=
∏
k
〈ηk12|
[
D
(
(−1)n+1β1k(t)
)⊗D((−1)m+1β2k(t))]†[
D
(
(−1)r+1β1k(t)
)⊗D((−1)s+1β2k(t))] |ηk12〉
≡
∏
k
χnmrsk (23)
Using the identities D(α)† = D(−α) and D(α)D(β) =
e−2Im(α
∗β)D(α + β) for displacement operators one ob-
tains for χnmrsk :
χnmrsk (24)
= 〈ηk12| exp
 2∑
j=1
γjk,nmrs(t)b
j
k
† − γjk,nmrs(t)∗bjk
 |ηk12〉 ,
with
γ1k,nmrs(t) ≡ {(−1)n − (−1)r}β1k(t) , (25)
γ2k,nmrs(t) ≡ {(−1)m − (−1)s}β2k(t) . (26)
Hence, χnmrsk is the Wigner characteristic function of the
pure state |ηk12〉 which is easily determined for two-mode
Gaussian states.
III. COHERENCE FACTORS FOR TWO-MODE
GAUSSIAN STATES
In the following we state the explicit expressions for the
coherence factors (17)−(22) if the environmental state
3|ηk12〉 is chosen to be a two-mode Gaussian state whose
covariance matrix is in standard form. This choice corre-
sponds to the states considered in Ref. [13]. Without loss
of generality one may assume that the Gaussian state has
zero mean as this can always be achieved applying local
operations [16, 17]. This does not change the correlations
in the two-mode state we are mainly interested in.
We recall that a state of a continuous variable system
ρ ∈ S(L2(Rn)) is an n-mode Gaussian if and only if for
all ~x, ~y ∈ Rn the observable Yˆ ≡∑nj=1(xj pˆj − yj qˆj) has
a normal distribution on Rn in the state ρ [17] where
qˆj =
1√
2
(bˆj + bˆ†j) , pˆj =
−i√
2
(bˆj − bˆ†j) , (27)
define the canonical position and momentum operators.
That is, one has
χtY,ρ(~z) = Tr(ρ exp[−itYˆ ])
= exp
[
−it(lT~x−mT~y)− t
2
2 ~w
TS ~w
]
, (28)
where ~wT = (y1, x1, . . . , yn, xn) and li = 〈pˆi〉, mi = 〈qˆi〉
denote the mean position and momentum. Moreover, the
2n×2n-matrix S is the covariance matrix of the operator
Xˆ ′ = (qˆ1,−pˆ1, . . . , qˆn,−pˆn), i.e.
S = σX′ ≡
((
1
2 〈{Xˆ ′j , Xˆ ′j}〉 − 〈Xˆ ′j〉〈Xˆ ′j〉
)
ij
)
. (29)
For t =
√
2 the operator exp[−itYˆ ] is the Weyl operator
W(z)
W(z) = exp
 n∑
j=1
(zj bˆ†j − z∗j bˆj)
 , (30)
where zj = xj + iyj for all j. One can show [17, 18] that
the right hand side of Eq. (28) defines the characteristic
function of an n-mode Gaussian state for some l,m ∈ Rn
and S ≥ 0 if and only if
S + i2Ωn ≥ 0 , (31)
where the symplectic form Ωn = ⊕nk=1ω with ω =(
0 1
−1 0
)
encodes the canonical commutation relations.
This condition is sometimes called the Robertson-
Schrödinger uncertainty relation and is a direct con-
sequence of the Schrödinger uncertainty relation and
Williamson’s theorem [19] which states that any real-
valued, symmetric and positive matrix can be trans-
formed into a diagonal form by an appropriate symplec-
tic operation [18]. Note that Eq. (31) implies positivity
of S and that one has S + (i/2)Ωn ≥ 0 if and only if
S − (i/2)Ωn ≥ 0.
Now, suppose the environmental states |ηk12〉 of
Eq. (14) are a two-mode Gaussian state with zero mean.
According to (28), Eq. (24) is then given by
χnmrsk
(
(γ1k,nmrs(t), γ2k,nmrs(t)
)
= exp
[
−~λk,nmrs(t)TSk~λk,nmrs(t)
]
, (32)
where
~λk,nmrs(t) ≡

Im(γ1k,nmrs(t))
Re(γ1k,nmrs(t))
Im(γ2k,nmrs(t))
Re(γ2k,nmrs(t))
 , (33)
and S satisfies (31). We point out that the covariance
matrix which is considered in Ref. [13] violates Eq. (31)
for any c 6= 0.
For any two-mode covariance matrix S there exist local
symplectic operations such that the expectation values
〈{qˆi, pˆj}〉 are removed [20, 21] so that S is transformed
into the so called standard form
Ssf ≡
 a 0 c+ 00 a 0 c−c+ 0 b 0
0 c− 0 b
 , (34)
where a, b, c± ∈ R and a, b ≥ 1/2.
The coherence factors defined in Eq. (17)-(22) can now
be written as products of characteristic functions, i.e.
κ1(t) = e−2i1t
· exp
[
−
∑
k
~λk,1000(t)TSk~λk,1000(t)
]
, (35)
κ2(t) = e−2i2t
· exp
[
−
∑
k
~λk,0100(t)TSk~λk,0100(t)
]
, (36)
κ12(t) = e−2i(1+2)t
· exp
[
−
∑
k
~λk,1100(t)TSk~λk,1100(t)
]
, (37)
Λ12(t) = e−2i(1−2)t
· exp
[
−
∑
k
~λk,1001(t)TSk~λk,1001(t)
]
, (38)
and κ˜j(t) = κj(t). Henceforth, we assume that the Gaus-
sian states are identical for all modes, i.e. S = Sk for all
k. For a general covariance matrix in standard form, the
exponentials in Eqs. (35)-(38) can be evaluated employ-
ing Laplace transforms. After performing the continuum
limit for an ohmic spectral density Jj = αjω exp[−ω/ωc]
with equal cutoff frequency ωc but different couplings αj
for the two bosonic baths, one obtains expressions con-
taining the Laplace transform of (1− cos(yt))/t and sin-
modulated functions in the exponentials which can be
evaluated using standard techniques. For a covariance
4matrix in standard form with real-valued coefficients a, b and c± one then obtains for the coherence factors (35)-
(38):
κ1(t) = e−2i1t
(
1 + ω2c t1(t)2
)−4aα1
, (39)
κ2(t) = e−2i2t
(
1 + ω2c t2(t)2
)−4bα2
, (40)
κ12(t) =
e−2i(1+2)t
(1 + ω2c t1(t)2)4aα1(1 + ω2c t2(t)2)4bα2
(
(1 + ω2c ts22)(1 + ω2c (t1(t)− t2(t)− ts2)2)
(1 + ω2c (t1(t)− ts2)2)(1 + ω2c (t2(t) + ts2)2)
)4c−√α1α2
·
((
1 + ω2c (t1(t)− ts2)2
)(
1 + ω2c (t2(t) + ts2 + t1(t))2
)(
1 + ω2c (t1(t) + ts2)2
)(
1 + ω2c (t2(t) + ts2 − t1(t))2
))2(c−−c+)
√
α1α2
, (41)
Λ12(t) =
e−2i(1−2)t
(1 + ω2c t1(t)2)4aα1(1 + ω2c t2(t)2)4bα2
(
(1 + ω2c ts22)(1 + ω2c (t1(t)− t2(t)− ts2)2)
(1 + ω2c (t1(t)− ts2)2)(1 + ω2c (t2(t) + ts2)2)
)−4c−√α1α2
·
((
1 + ω2c (t1(t)− ts2)2
)(
1 + ω2c (t2(t) + ts2 + t1(t))2
)(
1 + ω2c (t1(t) + ts2)2
)(
1 + ω2c (t2(t) + ts2 − t1(t))2
))2(c+−c−)
√
α1α2
, (42)
where we have set ts1 = 0 for simplicity. The time ts2, at
which the interaction of the second spin with its bath is
turned on, remains however arbitrary.
IV. EPR-TYPE INITIAL STATE
A particular candidate for a two-mode Gaussian state
whose covariance matrix σX for Xˆ = (qˆ1, pˆ1, qˆ2, pˆ2) is in
standard form (34) is given by the EPR-type state [22]
|ψu〉 =
√
1− u2
∞∑
n=0
un|n〉 ⊗ |n〉 , (43)
where u = tanh(r). This state is the analog of a maxi-
mally entangled state for continuous variable systems as
it corresponds to the Schmidt-decomposition of a maxi-
mally entangled state for r → ∞. The state represents
the physical realization of the model used by Einstein,
Podolski and Rosen in their famous Gedankenexperiment
[23]. The variable r ∈ R denotes the squeezing parame-
ter and is a reminiscence that this state is obtained by
squeezing the two-mode vacuum. Values about r = 5 can
be realized in experiments [22].
In the position representation the wave function takes
the form
ψu(q1, q2) = (44)
1√
pi
exp
[
−14
1− u
1 + u (q1 + q2)
2 − 14
1 + u
1− u (q1 − q2)
2
]
.
We see that the exponent is dominated by the second
term in the limit r → +∞ (u → +1), yielding a wave
function with strong positive correlations of the positions
of the particles. In the opposite limit r → −∞ (u →
−1) the wave function describes strong anti-correlations
between the particle positions.
The EPR-type state is also referred to as twin-beam
or squeezed vacuum state and defines a two-mode Gaus-
sian state with zero means as one can show by a direct
calculation of the characteristic function χtY,ρ (28). Its
covariance matrix for Xˆ, which can be also easily de-
rived, is given by
σEPRX,r ≡
1
2
( cosh(2r) 0 sinh(2r) 0
0 cosh(2r) 0 − sinh(2r)
sinh(2r) 0 cosh(2r) 0
0 − sinh(2r) 0 cosh(2r)
)
. (45)
We remark that according to our conventions the expres-
sions for the wave function (44) and the covariance ma-
trix (45) differ from what one typically finds in the liter-
ature (see, e.g., [22]). The commonly stated covariance
matrix of the twin-beam state lacks an overall factor of
1/2 and a factor of 2 in the arguments of the sinh- and
cosh-terms. We also note that within the conventions
used in Ref. [13] the correct covariance matrix is obtained
from (45) by omitting the overall factor of 1/2 and by re-
versing the signs of the sinh-terms.
V. MAXIMAL BACKFLOW OF INFORMATION
An established measure for the degree of non-
Markovianity of the dynamics of an open quantum sys-
tem is given by [2, 24]
N (Φ) ≡ max
ρ1⊥ρ2
∫
σ>0
dt σ(t, ρ1, ρ2) , (46)
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Figure 1. Dynamics of |Λ12(t)|2 for coupling strength α1,2 = 1
and subsequently applied interactions of length 2.5 · 10−2 (in
units of ωc) and several values of the squeezing parameter r
for the EPR-state. One obtains for the measure N : 4 · 10−3
(r = 1), 3 · 10−2 (r = 2), 0.2 (r = 3), 0.8 (r = 4), 0.8 (r = 5).
where ρ1, ρ2 are two orthogonal states of the open system
and
σ(t, ρ1, ρ2) ≡ ddtD
(
Φt(ρ1),Φt(ρ2)
)
(47)
describes the dynamical change of the trace distance D
of these states. Moreover, the set Φ = {Φt|0 ≤ t ≤ T}
denotes the one-parameter family of dynamical mappings
which describe the dynamics of the open system. Hence,
the measure N determines the maximal increase of the
trace distance for any pair of orthogonal input states.
Employing this tool to quantify memory effects in our
pure dephasing dynamics for a combined state of the two
spin- 12 subsystems (16) one observes that a backflow of
information is signified by an increase of the coherences.
Of particular importance are the coherences κ12(t) (41)
and Λ12(t) (42) as they describe the nonlocal features
of the joined state of the two two-level systems. The
time evolution of the modulus squared of these coher-
ence factors are connected to the trace distance of the
(orthogonal) Bell-states
|Ψ±I 〉 =
1√
2
(|00〉 ± |11〉) , (48)
|Ψ±II〉 =
1√
2
(|01〉 ± |10〉) . (49)
More precisely, the trace distance of these states at time
t in the considered model is given by
D(|Ψ+I (t)〉, |Ψ−I (t)〉) = |κ12(t)|2 , (50)
D(|Ψ+II(t)〉, |Ψ−II(t)〉) = |Λ12(t)|2 . (51)
Choosing the EPR-state for the two-mode Gaussian
state, determined by the covariance matrix (45), one can
study the occurence of memory effects for the combined
two-level dynamics for subsequently applied interactions
of equal length, similar to the analysis done in Ref. [13].
Performing the maximization included in the measure N
(46) numerically, one shows that the maximal increase
is given by the orthogonal pair of states |Ψ±II〉 for posi-
tive values of the squeezing. Due to the structure of the
coherence factors and the covariance matrix σEPRX,r it is
clear that changing the sign of the squeezing parameter
r transform the functions |κ12(t)| and |Λ12(t)| into each
other.
Fig. 1 shows the dynamics of |Λ12(t)|2 for α1,2 = 1 and
local interactions of equal length ωc∆t = 2.5 ·10−2 which
are in addition turned on and off subsequently. One sees
that the rephasing is almost complete for this setup. For
r = 4, 5 the non-Markovianity quantified by N is about
0.8 . Hence, there are indeed non-local memory effects in
this model which are in addition experimentally accessi-
ble. Moreover, going to larger squeezings while reducing
the interaction length the effect is amplified yielding full
rephasing.
VI. CONCLUSIONS
In this paper we have studied the model introduced in
Ref. [13] with respect to the emergence of non-Markovian
effects induced by nonlocal environmental correlations.
We have derived the correct expressions for the dynam-
ical map of this model for the case of an environmen-
tal state which is given by a product of correlated two-
mode Gaussian states with a covariance matrix in stan-
dard form. Our results demonstrate that strong nonlocal
memory effects can be observed if one chooses EPR-type
Gaussian initial states. Thus, the phenomenon of nonlo-
cal memory effects indeed exists in correlated multimode
fields.
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